This study investigates the steady-mixed convection boundary layer flow near
Introduction
Industrially, the process for stretching sheet has significant relevance to several practical applications, such as the extrusion of metals, plastics and polymers, etc. During the rubber and plastic sheets manufacturing process, a gaseous medium, through the not-yet solidified material, is blown. As such, the study of heat transfer and flow field is necessary to determine the quality of the final products, as explained by Karwe and Jaluria [1] . It seems that Crane [2] was the first to give a similarity solution in closed analytical form for steady 2-D incompressible boundary layer flow caused by the stretching of a sheet, which moves in its own plane with a velocity varying linearly with distance from a fixed point. Flow which moves towards a vertical surface will create a flow with buoyancy force due to the existence of the temperature difference between the wall and the free stream. Such flow is known as the mixed convection flow. Hiemenz [3] was the first to investigate the 2-D stagnation flow towards a stationary semi-infinite wall by using similarity transformation in order to reduce the Navier-Stokes equation to a non-linear ordinary differential equation. Since then, lots of research have been carried out to investigate the mixed convection flow towards a vertical sheet, [4] [5] [6] [7] [8] [9] . It is worth mentioning that the work of Ishak et al. [4] has been extended by Saleh et al. [10] to the case of a shrinking sheet. A study on the mixed convection boundary layer flow over a vertical permeable cylinder THERMAL SCIENCE: Year 2017, Vol. 21, No. 1A, pp. [267] [268] [269] [270] [271] [272] [273] [274] [275] [276] [277] has been conducted by Ellahi et al. [11] . On the other hand, MHD flow and heat transfer has been studied in [12] [13] [14] .
In all previously mentioned papers, however, investigators confine their studies to Newtonian fluid flow problems, which is inadequate to describe some fluid properties. As such, non-Newtonian fluids, which exhibit a non-linear relationship between the stresses and the rate of strains, are found to be more interesting than Newtonian fluids. There are numerous references on the stagnation point flow towards a vertical surface in various types of non-Newtonian fluids, which can be found in the literature, and some of them can be found in [15] [16] [17] [18] [19] . The MHD flow of a non-Newtonian fluid was considered in [20] [21] [22] [23] [24] [25] [26] [27] .
The aim of the present study is to extend the work done by Ishak et al. [4] , by investigating the flow of one kind of Oldroyd model, i. e. Jeffery's version, which impinges normally on a heated or cooled vertical surface that is being stretched. This fluid model includes elastic and memory effects exhibited by dilute polymer solutions and biological fluids, Hayat et al. [28] . Even though the literature on the Jeffery fluid flow is scarce, the fluid is one of great importance. Quite recently, the flow of a Jeffrey fluid in eccentric cylinders was investigated by Ellahi et al. [21] .
Problem formulation
Consider a steady 2-D laminar boundary layer stagnation-point flow of an incompressible electrically-conducting Jeffery's fluid, impinging normally towards a vertical surface. It is assumed that the ambient fluid moves with velocity u e (x) = ax in the y-direction towards the stagnation point on the plate, with the temperature varying linearly along it with T w (x) = T ∞ + bx, where a (> 0) and b are arbitrary constants. The continuous stretching plate is assumed to have a velocity of the form u w (x) = cx, where c > 0 is a constant.
Assume that a uniform magnetic field of strength, B 0 , is applied in the positive y-direction normal to the plate, and the induced magnetic field due to the magnetic Reynolds number is taken to be small enough and assumed to be negligible in comparison to the applied magnetic field. Under these assumptions, along with the Boussinesq and boundary layer approximations, the basic equations of the problem can be written:
subject to the boundary conditions:
where u and v are the velocity components along the x-and y-axes, respectively, g -the acceleration due to the gravity, and T -the fluid temperature in the boundary layer. Further, ν, λ 1 , λ 2 , ρ, β, and α are, respectively, the kinematic viscosity, ratio of the relaxation and retardation times, relaxation time, fluid density, thermal expansion coefficient, and thermal diffusivity. The ± sign in the last term of eq. (2) represents the influence of the thermal buoyancy force, with "+" and "-" signs pertaining to the buoyancy assisting and opposing flow regions, respectively. According to Ramachandran et al. [29] , the assisting flow exists if the upper half of the flat plate is heated while the lower half of the plate is cooled. In this case, the flow near the heated flat surface tends to move upward, and the flow near the cooled flat plate tends to move downward. Therefore, this behaviour acts to assist the flow field. The reverse trend can be observed in the opposing flow.
We look at the solutions of eqs. (1)- (3) in the following forms:
where ψ is the stream function, it is defined in the usual way as u = ∂ψ/∂y and ν = -∂ψ/∂x. Thus, we have:
where prime denotes differentiation with respect to η. Substituting variables (5) and (6) into eqs.
(1)- (3), eq. (1) is automatically satisfied and eqs. (2) and (3) are reduced to:
( )
and the transformed boundary conditions can be written:
Here, γ = cλ 2 is the Deborah number, M = aσB 
is the local Grashof number and Re x = u w x/ν is the local Reynolds number. We note that λ is a constant, with λ > 0 and λ < 0 corresponding to the opposing and assisting flows, respectively, while λ = 0 (i. e. T w = T ∞ ) for pure forced convection flow. It should be pointed out that for γ = λ 1 = M = 0, the problem is reduced to that of Ishak et al. [4] . The physical quantities of principle interest are the skin friction coefficient, C f , and the local Nusselt number, Nu x , which are defined:
where τ w and q w are the wall shear stress and the heat flux from the surface, respectively, which are given by: 
where μ and k being the dynamic viscosity and the thermal conductivity, respectively. Substituting eqs. (5) and (6) into eq. (9), the scaled skin friction coefficient and the local Nusselt number reduce to:
where Re x = u w x/ν is the local Reynolds number.
Results and discussions
The ordinary differential eqs. (7) and (8), subject to the boundary conditions (9), have been solved numerically using the Keller-box method for some values of the governing parameters, i. e. the magnetic parameter, M, the material parameter (Deborah number), γ, the mixed convection parameter, λ, the Prandtl number, and the velocity ratio of a/c. The detailed procedure of this method can be found in the books by Cebeci [30] and Cebeci and Bradshaw [31] .
In order to validate the present code, the present results obtained for the skin friction fig. 1 when Pr = 0.7, M = 1, and a/c = 1. While the influence of the Prandtl number is depicted in fig. 2 for γ = 1, M = 10, and a/c = 1. Figure 3 shows the impact of a/c when γ = 0.5, M = 0.2, and Pr = 0.68. The profile of the dimensionless velocity f '(η) and the dimensionless temperature θ(η) are depicted in figs. 4-7 for some values of the Deborah number, the Prandtl number, the mixed convection parameter, λ, and the velocity ratio, a/c, for both assisting and opposing flows, respectively. Figures 1-3 suggest that for all positive values of the mixed convection parameter (assisting flow), the values of the skin friction coefficients and the local Nusselt numbers are found to exist, while there are restricted values of the skin friction coefficient and the local Nusselt number for the opposing flow. The assisting buoyant flow is found to increase the skin friction coefficient, while the opposing buoyant flow creates decrement of the skin friction coefficient as illustrated in figs. 1(a), 2(a), and 3(a). This is due to the assisting buoyant flow, which enhances the buoyancy force and hence, increases the fluid velocity. This action subsequently increases the wall shear stress, which increases the skin friction coefficient, Ishak et al. [4] . Referring to figs. 1(a) and 2(a), it should be noted that all curves intersect at a point when the buoyancy force is zero, λ = 0. In this case, a/c = 1 gives C f (Re x ) 1/2 = 0. However, if a/c ≠ 1, it should be expected that the intersection point is no longer fixed at 0, as C f (Re x ) 1/2 is very much influenced by the stretching velocity and the velocity of the external stream given by the constants a and c, respectively, as depicted in fig. 3 
(a). The figure also provides an idea of the point of intersection taking various values of a/c.
The effects of the material parameter γ on the skin friction coefficient and the local Nusselt number can be seen in figs. 1(a) and 1(b), when Pr = 0.7, M = 1, and a/c = 1 for both assisting and opposing flows. The values of Nu x (Re x ) -1/2 are found to coincide at 1.0458. The existence of the material parameter/Deborah number decreases the skin friction coefficient and surface heat transfer for the assisting flow. This is in line with the results obtained in tab. 2. Flow with a high Deborah number indicates that the fluid is dominated by elasticity, demonstrating solid-like behaviour, Reiner [34] . As such, the result is expected.
The effects of the Prandtl number on the skin friction coefficient and the local Nusselt number are depicted in figs. 2(a) and 2(b) when γ = 1, M = 10, and a/c = 1. It is seen that for a fixed value of λ, as Prandtl number increases, the value of the skin friction coefficient decreases and the local Nusselt number is found to increase for the assisting flow. Flow with a high value Prandtl number shows that the fluid is more viscous and, in return, retards the movement of the flow, hence reducing both the shear stress and the thermal conductivity on the surface. The implication can be seen in figs. 2(a) and 2(b), where the skin friction C f (Re x ) 1/2 decreases but the local Nusselt number Nu x (Re x ) -1/2 increases. The opposite trend occurs for the opposing flow. For a fixed value of Prandtl number, it is noted that the local Nusselt number slightly increases as the buoyant parameter λ is increased for assisting flow, as shown in fig. 2(b) . Figures 3(a) and 3(b) show the effect of a/c on the skin friction coefficient and the local Nusselt number when γ = 0.5, M = 0.2, and Pr = 0.68. It is noted that for the assisting flow, as λ increases, the skin friction coefficient and the local Nusselt number will increase, too. This is due to a large λ, which produces a large buoyancy force and in turn yields high kinetic energy to accelerate the fluid flow and increase the skin friction coefficient and the local Nusselt number. An increment of a/c will result in the increment of the skin friction coefficient and the local Nusselt number.
As prescribed in eq. (9), the velocity profiles f ʹ(η) in figs. 4(a), 5(a), and 6(a) begin at 1 at the beginning of the motion for both the assisting and opposing flows. For the assisting flow (λ > 0), the velocity increases slowly (f ʹ > 1 in the boundary layer) until it achieved a cer- tain value, then decreased asymptotically to a/c =1, (in this case) at the outside of the boundary layer. This is expected as the thermal expansion caused by the high wall temperature assists the flow. On the contrary, for the opposing flow, f ʹ < 1 in the boundary layer due to the resistance of thermal expansion to the flow, Abbas et al. [16] . However, no boundary layer is formed when the buoyancy or mixed convection parameter is absent and the velocity f ʹ = 1 throughout the flow domain, as illustrated in fig. 6(a) . Figure 4(a) shows that the magnitude of the velocity f ʹ decreases with the increase of the Deborah number. As such, it may be expected that as γ → ∞, f ʹ = 1 in the whole flow domain. This is clear from the fact that γ measures the viscosity/elasticity of a fluid, as previously explained. The same phenomenon can be observed when Pr → ∞, as shown in fig. 5(a) . Increasing the Prandtl number causes the decrease of the velocity flow and the temperature at the surface, as depicted in figs. 5(a) and 5(b) . This is due to the fact that an increase in Prandtl number indicates the increase of the fluid heat capacity or the decrease of the thermal diffusivity, causing a diminution of the influence of the thermal expansion to the flow, Abbas et al. [16] . This results in faster formation of the thermal boundary layer and in turn, decreases the thermal boundary layer thickness as Prandtl number increases for both assisting and opposing flows.
The effect of the Deborah number and the mixed convection parameter are less pronounced with a variation in temperature, as can be seen in figs. 4(b) and 6(b). These figures clearly show that for the assisting flow, no temperature difference occurs for various values of γ and λ, while the temperature difference is conspicuous in the opposing flow. However, there is a slight difference in the temperature distribution for the opposing flow, i. e. at any point in the boundary layer, the temperature increases with the increase of γ, fig, 4 (b) and λ, fig. 6(b) , respectively. The thermal boundary layer thickness for both assisting and opposing flows are found to be more or less equal, as depicted in these two figures. Figure 7 (a) demonstrates the effect of a/c when λ = 1, Pr = 0.68, M = 0.2, and γ = 0.5. It is noted that the flow, when the stretching velocity is less than the free stream velocity (a/c > 1), has a boundary layer structure and the thickness of the boundary layer decreases with an increase in a/c for both assisting and opposing flows. According to Mahapatra and Gupta [32] , an increase in a in relation to c (a/c > 1) implies an increase in straining motion near the stagnation region, resulting in increased acceleration of the external stream, leading to increased velocity, which is then thinned by the boundary layer with an increase of a/c. This fact was experimentally confirmed by Flachsbart, Schlichting [35] . An inverted boundary layer is seen to form for a/c < 1 when the stretching velocity cx of the surface exceeds the velocity ax of the external stream. Figure 7(b) shows the temperature distribution in the thermal boundary layer. It is observed that the temperature of the fluid decreases as the distance from the surface is increased. The temperature at a point is found to decrease with the increase in a/c for both assisting and opposing flows. As such, flow with high a/c produces a thinner thermal boundary layer. The temperature for the opposing flow is slightly higher compared with the assisting flow at all points in the boundary layer, and the buoyancy effect is more pronounced for small a/c. Despite various profiles depicted in figs. 4-7, all the velocity and temperature profiles presented in those figures satisfy the far field boundary conditions (9) asymptotically, thus supporting the validity of the numerical results obtained. Figure 8 shows the streamlines obtained for Pr = 7, γ = 1, λ = 1, M = 10, and a/c = 1 towards a stagnation point on a stretched vertical surface. The oncoming flow generated by the code is found to be satisfactory and hence we are confident of the results obtained in the present paper.
Conclusion
In this paper, the steady 2-D stagnation-point flow of a Jeffery fluid towards a vertical stretched surface in the presence of buoyancy force and magnetic field is investigated numerically using a finite difference scheme with an iterative technique. The problem is formulated in such a way that the stretching velocity and the surface temperature vary linearly with the distance from the stagnation point. The numerical solution obtained for the quantities of interest, which are the skin friction coefficient and the local Nusselt number for some values of 
